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Abstract. In this paper we prove that bounded Hua-harmonic functions on tube domains that 
satisfy some boundary regularity condition are necessarily pluriharmonic. In doing so, we show that 
a similar theorem is true on one-dimensional extensions of the Heisenberg group or equivalently on 
the Siegel upper half-plane. 



1. Introduction 

Let U n C C n+1 be the Siegel upper half-plane, defined by 

U n = fz E C" +1 : lmz n+1 > N 2 j • 

Let F be the Poisson-Szego integral of some boundary function /. It has been known for a long time 
now that F, which is smooth inside U n , cannot have bounded transversal Euclidean derivatives up to 
the boundary, unless F is a pluriharmonic function. More precisely, in U n we introduce coordinates 
£ = [z\, z n ), z n+ i = t + i\(\ 2 + ia, with t £ R, and a > 0, so that, for the complex structure J, 
we have Jd a = —d t - Then, if F is harmonic with respect to the invariant Laplacian, the derivatives 
da^iCi t + «|C| 2 + * a ) cannot be bounded for large k unless F is pluriharmonic. Such results may be 
found in the work of Graham (see |Grl| and |Gr2| b The conditions are easier to describe for functions 
on the unit ball in C™ +1 , that is, for the bounded realization oiU n , see BSG ■ In both cases, a 
central role is played by the invariant Laplacian L. Indeed, Poisson-Szego integrals are characterized 
by the fact that they are annihilated by L so that these results are merely results about L-harmonic 
functions. 

The aim of this paper is to show that this property holds in a general context. More precisely, we 
consider an irreducible symmetric Siegel domain of tube type which may be written as 

V = V + iQ CV C 1 

where V is a real Euclidean space of dimension m and is an irreducible symmetric cone inside V. 
Typical examples are given when one chooses for the forward light cone or the cone of positive 
definite matrices. For such domains, Poisson-Szego integrals have been characterized in terms of 
differential operators of order 2. Let us give more details, and introduce the Hua system which plays 
the same role as the invariant Laplacian in the case of U n . This system can be defined geometrically 
for a more general domain V in C m which is biholomorphically equivalent to a bounded domain. For 
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more details we refer to BBDHPT where the following construction, which is inspired by the work 
of Wallach, is thoroughly discussed. 

Let T c be the complexified tangent bundle of the complex domain T>, let J be the complex 
structure, and let T 1,0 and T ' 1 be the eigenspaces of J such that J\t^-,o = ild, J\t«,i — — ild. The 
Riemannian connection V induced by the Bergman metric on T> preserves T 1 '°(2?) and so does the 
curvature tensor R(Z, W). For Z, W two complex vector fields we denote by R(Z, W) — V z^w — 
Vw^z — Vrz.w] the curvature tensor restricted to T 1,0 (2?). For / a smooth function on V, let 



Then A(Z, W) annihilates both holomorphic and anti-holomorphic functions, and consequently, the 
pluriharmonic functions. 

Given an orthonormal frame Ei, E2, • • • , E m of T 1,0 {T>) for the canonical Hermitian product asso- 
ciated to the Bergman metric, the Hua system is defined as follows: 



The Hua system does not depend on the choice of the orthonormal frame and it is invariant with 
respect to biholomorphisms. By definition, H-harmonic functions are functions which are annihilated 
by H. 

When I? is a symmetric Siegel domain of tube type, this system is known to characterize the 
Poisson-Szego integrals (see |FK) and |.TK| ). This means that a function on V is H-harmonic if, and 
only if, it is the Poisson-Szego integral of a hyperfunction on the Shilov boundary. 

Our main theorem, may then be stated as follows: 

Main Theorem. LetT> be an irreducible symmetric domain of tube type. There exists k (depending 
on the dimension and the rank) such that, if F is a bounded M-harmonic and has bounded derivatives 
up to the order k, then F is pluriharmonic. 

More precise and weaker conditions are given in the sequel of the paper. They are linked to the 
description of the domain in terms of a solvable group of linear automorphisms and may be expressed 
in the distribution sense. Roughly speaking, we show that there exists an open dense subset dT> of 
dT>, such that for every point p £ dT> there is an open neighborhood of p in V + iV, called U, and a 
smooth foliation U a , a € [0, e], of UnT> such that Uq = dVOU and Jd a is tangential to U a . Moreover, 
dT> is invariant under a group of biholomorphisms of V acting transitively on the family of foliations. 
Locally, the parameter a plays the same role as the coordinate a in the Siegel upper half-plane. If F 
is Hua-harmonic and for large k, d^F(-,a) is bounded as a — > for all such parameters a, then we 
prove that F is pluriharmonic. 

Let us remark that many sufficient conditions for pluriharmonicity, which can be written in terms of 
families of second order operators, have been given by some of the authors (see |BDH) and DHMP ). 
We rely deeply on this previous work. Another main tool of the proof is the fact that we can reduce 
to the same kind of problem on the domain U n for a variant of the invariant Laplacian L. So, we are 
lead to consider a whole family of second order operators on U n , and we give sufficient conditions so 
that functions which are annihilated by them are pluriharmonic. A key tool for this is the existence 
of a boundary equation which implies pluriharmonicity. 

One may ask whether this type of results can be obtained in the more general setting of irreducible 
symmetric Siegel domains, which contains both those of tube type as well as the Siegel upper half-plane 
U n , which is of type II. Unfortunately, much less is known for higher rank and type II. In particular, for 
the Hua system that we described, H-harmonic functions are already pluriharmonic (see BBDHPT 
and [Bj), and such tools are missing for studying Poisson-Szego integrals (see [BBDHPT for more 
comments). So, the kind of proof that we are giving here cannot be adapted to such a general situation. 



(1.1) 



A(Z, W)f = {ZW - V z W)f - (WZ - V w Z)f . 



(1.2) 
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Let us mention that the same phenomenon has also been studied by B. Trojan, using a direct 
computation of the Poisson-Szego kernel and looking at its singularities (see |Tr|~l. 

The article is organized as follows. In the next section, we introduce all necessary notations on the 
Heisenberg group and its one-dimensional extensions. We then prove a characterization of bounded 
pluriharmonic functions in terms of boundary conditions and give sufficient regularity conditions for 
our harmonic functions which imply pluriharmonicity. In the next section, we give all preliminaries 
that we need on Siegel domains of tube type, including a precise expression of Hua operators in terms 
of the description of the cone using Jordan algebras. Finally wc prove that Hua-harmonic operators 
have a maximum boundary regularity, unless they are pluriharmonic. 

Some technical results on special functions, as well as another proof of the main theorem, are given 
in the appendix. 



2. The theorem on the Heisenberg group 

2.1. Preliminaries on the Heisenberg group. In this section we recall some notations and results 
on the Heisenberg group. Our basic reference is |St]. We will try to keep self-contained up to some 
results in the two last chapters of that book. 
The Heisenberg group H™ is the set 

H" = C"xR = {[(,(] : (eC, teM.} 

endowed with the multiplication law 

[C,t].[»M] = [C + V,t + s + 21m(Crj)}. 

We write [(,t] for a typical element of H" and ( — (Ci> • • • i Cn) = {xi+iyi, . . . ,x n + iy n ) G C™. 

The Euclidean Lebesgue measure dxdydt, which we will note as well dQdt or dw if lu — [C,t], is 
both left and right invariant under the action of H" . Convolution on H™ is then given by 



f*g{[C,t])= / /(M)$(M _1 [C,t])*7*»- 

We next consider the domain U n C C™ +1 and its boundary bU n defined by 



U n = Iz E C n+1 : lmz n+1 > ^ \ Zj \ 2 j , bU n = jz e C n+1 : \mz n+1 = \ z i? 

A typical element oiU n or bU n is denoted by z = (z',z„ + i). The Heisenberg group H" acts on U n 
and bU n by 

[C,i](z',z„ +1 ) = (z' + C,z n+1 +< + 2iz'C + z|C| 2 ). 
Moreover, this action is simply transitive on the boundary bU n which allows us to identify elements 
of H™ with elements of bU n by the action of H" on the origin (0, 0) : 

h« 9 i(,t] ^ [C,i](o,o) = (C,t + *ICI 2 ) G bu n . 

Further, we write r(z) = Im (z n +%) — |z'| 2 , so that U n = {z : r(z) > 0} and bU n = {z : r(z) = 0}. 
The Heisenberg group H n acts simply transitively on each level set so that each one of them can be 
identified with H". 

Next, we consider on H™ the left-invariant vector fields 

' 7J7, ' V] dt' j = dy~~ 'dt 1 Wf 

One has [Yj-,Xfe] = 4<5 j^T while all other commutators vanish. 
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Wc define the holomorphic and anti-holomorphic left invariant vector fields 



so that [Zj, Zk] — 2iSj j kT while all other commutators are 0. 

The following operators then play a fundamental role in complex analysis on U n (see \tit\): 



Y n 1 n 

i=i j'=i 
where a € M. is a parameter. We will simply write £ for Co- 

The Cauchy kernel on H™ is then given, for [C,t] ^ [0,0], by K([(,t]) = c(t + ^ICI 2 )""" 1 with 
c = 2 n ~ 1 i n+1 n\/Tr n+1 and the Cauchy-Szego projection is defined by C(f) = f * K, where K defines 
as well the principal value distribution which is associated to this kernel. 

Define 

^ l - 2 (n-l)l /|C| 2 -^ N 



H[C, t}) = - ^r^ 1 log [ 7^T— ^ ] (ICI 2 - it)~ n 



icr+« 



where 



ici 2 -^ 



log [ j = log(jC| 2 - it) - log(|C| 2 + it) 

and the logarithms are taken to be their principal branch in the right half-plane. Write S(f) = f * $. 
From Formula (53) page 616 in [Hi], we then know that if / is a smooth compactly supported function, 
then 

(2.1) C n S(f) = S(£ n f) = f-C(f). 

2.2. One dimensional extension of the Heisenberg group. We now define the non-isotropic 
dilations on U n and bU n : for 5 > and z = (z' , z n+ i) £ U n or bU n , we write 

So z = (Sz 1 , 5 2 z n+1 ). 

These dilations preserve U n and bU n whereas r(S o z) = 8 2 r(z). 

We now consider the semi-direct extension of H", S = H"E+ where the action of on H" is given 
by a[(,t] = [a 1 / 2 ^, at]. We will write [C,t,a] = [[C,t],a] for a typical element of S with [£, i] e H" 
and a € . The group law of S is then given by 

[C,t,a][ri,s,b] = [[(,t][a 1/2 T],as],ab] = [( + a 1/2 r], t + as + 2a 1/2 Im (Cv), ab]. 

We then extend the definition of the previous vector fields from H" to S so that the following are 
left-invariant vector fields on S: 

a 1/2 X 3 , a 1/2 Yj, aT, ad a = a^-, a 1/2 Z 3 , a 1/2 Zj. 

We next define Z n+1 = ^(T — id a ) and Z n+ i = \{T + id a ) so that aZ n+1 and aZ n+ i are left-invariant 
vector fields on U n (this notation differs from that in [Hi] by a harmless factor 2 x l 2 i). 

We get [a^X^a^Yj] = ASj. k aT, [ad a ,a 1 / 2 X 3 ] = \a Y ' 2 X^ [ad a , a^Yj] = ±a 1/2 Yj [ad a ,aT] = 
aT, while all other commutators are 0. 

The group S acts simply transitively on U n by [0, 0, a]z — a 1 ! 2 o z and [£, t. l]z = [£, t]z as defined 
previously. In other words 

[C, t,a]z= [C, t, 1] [0, 0,a]z= [£, t] (a 1/2 z', az n+1 ) = (C + a 1/2 z\ t + az n+1 + 2ia 1/2 z'( + i\(\ 2 ). 
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In particular [£, t, a] (0, i) = (C,t + i\(\ 2 + ia). This allows us to identify 5 with U n and a function f s 
on S with a function f u on lA n by 

/ s ([C,*,a]) = / u (C,t + «|C| 2 and /„(>', s„+i) = f s ([z', Re (z„+i), Im (z„+i) - |z'| 2 ]). 

<9/« _ 

It then follows that, for k — 1, . . . , n, — — = Z k f s — ^izkZ n +if s . We will thus say that 

oz k 

- f s is holomorphic if f u is holomorphic, i.e. = for k = 1, . . . , n + 1. This is easily seen 
to be equivalent to Z k f s = for k = 1, . . . , n + 1. 

- / s is anti-holomorphic if /„ is anti- holomorphic, i.e. = for k ~ 1, . . . , n + 1 or equiva- 
lently if Z k f s = for = 1, . . . , n + 1. 

- f s is pluriharmonic if /„ is pluriharmonic, i.e. -^-gg-fu = for j, k = 1, . . . , n+1. This is then 

equivalent to Z k Zjf s = for 1 < j ^ k < n+ 1, Z n+ iZ„ + i/ s = and (Z fe Z fc + 2iZ n+x )/ s = 
for k — 1, . . . , n. 

In the sequel, we will drop the subscripts s and u for simplicity as well as the superfluous brackets [, ] . 
Notation. Let us fix a > and consider the left-invariant operator L a given by 

L a = -aa(£ + nd a ) + a 2 {d 2 a + T 2 ). 

Of particular interest in the next section will be the case a. = \. 

Let P" be the Poisson kernel for L a , i.e. the function on H" that establishes a one-to-one corre- 
spondence between bounded functions / on H™ and bounded L Q -harmonic functions F on S by 

F(uj,a) = f /(w)P Q Q (w- 1 c) dw = f * P a Q ( w ). 

We are now in position to prove the following theorem, which gives characterizations of boundary 
values of holomorphic or pluriharmonic L a -harmonic functions in terms of differential equations. Let 
us mention that the existence of such differential equations is well known with different assumptions on 
the function (see for instance |Llj or |GrlllGr2] ). and the fact that it may be generalized to bounded 
functions is implicit in the work of different authors, at least when a = 1, which corresponds to the 
invariant Laplacian. Our aim, here, is to give a complete proof for bounded functions. It may simplify 
previous proofs where such boundary differential equation appeared. 

Theorem 2.1. Let F be a bounded L a -harmonic function onU n with boundary value f. 

(i) Then F is holomorphic if and only if C n f = 0. 

(ii) Then F is anti-holomorphic if and only if C- n f = 0. 

(iii) Then F is pluriharmonic if and only if C- n C n f = (C 2 + n 2 T 2 )f = 0. 

Proof. In each case, one implication is elementary. We will content ourselves to prove the converse, that 
is, solutions of the boundary equations are holomorphic (resp. anti-holomorphic, resp. pluriharmonic). 
The key point is the following lemma. 

Lemma 2.2. Let f be a smooth bounded function on H" such that C n f = 0. Then f satisfies the 
boundary Cauchy-Riemann equations, that is, 

(2.2) Z k f = for fc = l,...n. 

Proof. Replacing eventually / by a left translate of /, it is sufficient to prove it at the point [0, 0]. 

Let us now consider tp a smooth compactly supported function on H" such that ip = 1 in a 
neighborhood of [0,0]. Let ipR(£,t) = ip(Rr 1 (, R~ 2 t). We may apply Formula H2.1|l to ipnf to get 
<PRf = C((fRf) + S{L n Lpnf). The first term satisfies the boundary Cauchy-Riemann equations, and 
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we are reduced to consider the second term. As £ n (<PRf) — in some anisotropic ball of radius cR, 
it is equal to some i/jRC n (<PRf) where ipit(C,t) = R~ 2 t) and ^ = in the ball of radius c. 

Finally, 

Z k f (0,0) =Z jm f (0,0) = Z k S(^ R C n (ip R f))(0,0) 

Z k $(r), s)jC n (ip R f)(r], s)ip R (n, s)drjds 

C- n (ipRZ k ^)(ip R f)dr]dt. 



But (fiRf is bounded, while an elementary computation gives that £- n (ipRZ k Q) is bounded by i? _3 ~ 2 ". 
Since we integrate over a shell of volume i? 2n+2 , letting R — > oo, we get Zkf(0, 0) = 0. □ 

Let us now come back to the proof of the theorem (part (j)). Let us consider a function F such 
that its boundary value / is annihilated by C n and show that it is holomorphic. We claim that it is 
sufficient to find a bounded holomorphic function G that has the same boundary values: indeed, G is 
also L Q -harmonic, and so G — F . Let us now take for G the unique bounded solution of the equation 
CG + nd a G = on U n , with G given by / on the boundary. Commutation properties of C, T and d a 
give that C n G = 0. It follows directly, using the two equations satisfied by G, that d a G — iTG = 0, 
that is , Zn+iG — 0. Moreover, since on each level set {r(z) = clq} the function G is smooth, bounded, 
and satisfies the equation C n G = , we also know from the lemma that Z k G = for k = 1, 2, • • • , n. 
We have proved that G, and so F, is holomorphic. 

Part (Jul is obtained by conjugation. 

Let us now turn to assertion (JmJ) of Theorem 12.11 We know from part (Jul) that C n f is anti- 
holomorphic. First, note that C n Z n +\F = Z n+ i£ n F = 0. It follows from part (Q) that 

Z j Z n+1 F = for j = l,...,n+l. 

Further, for k = 1, . . . , n, note that 



- — ,ZkZk 



F = [{Z k ~ 2iz k Z n+ i), Z k Z k ]F 

=Z k [Z k , Z k ]F + 2i(Z k z k )(Z k Z n+ iF) + Z k ({Z k z k )Z n+ i)F. 
But [Z k , Z k ] = —2iT, Z k Z n+ i f = and Z k z k = 1 so that 

F = -2iZ k TF + 2iZ k Z n+l F = -2iZ k Tf + 2iZ k (Z n+1 + Z n+1 )F = 0. 



— — , z k z k 

oz k 



It follows that £ n -7^-F — ^-C n F = which by part (0) implies that -^F is holomorphic so that F 
is pluriharmonic. □ 

Remark. This theorem is false if one removes the boundedness property of F. For example, F[£, t, a] = 
a na+i - 1S £ a _harmonic onlxl. Its boundary value f[(,t] = satisfies (C 2 +T 2 )f = on the boundary 
but is not pluriharmonic. 

2.3. Pluriharmonicity of centrally-independent bounded boundary-regular functions. In 

a first step, we will consider L^-harmonic functions / that do not depend on the central variable t, 
that is, functions which satisfy L a f — and Tf = 0. Since t acts as a parameter, it follows directly 
from the analysis of the corresponding situation on C". We first compute explicitely the corresponding 
Poisson kernel. 

Notation. Let A be the standard Laplacian on C™ (identified with IR 2n ). For a > 0, let 

A Q = aa(A — nd a ) + a 2 d 2 
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be an operator on C". Let Q™ be the Poisson kernel for A Q . A bounded A Q -harmonic function F over 
C" is given by 

F(0 = f *c- Q?(C) = / /(C')Qa(C - C)dC 



with / e i°°(C n ). 

Let us first identify the Fourier transform over C™ of Q". 

Lemma 2.3. The Fourier transform of the kernel Q" is given by Qa(0 = z ( a l£| 2 Q); where z is 
the unique bounded solution of the equation 



(2.3) I - 1 - anda + ad z a j z(a) = 

with z(0) — 1. In particular, is a smooth function on C™ \ {0}. 

Proof. The properties of solutions of Equation l|2.3|) are given in Appendix [BJ In particular, this 
equation has a unique bounded solution with z(0) = 1. 

Next, observe that a — > Q a (£,) is a bounded solution of the equation 



(2.4) - a|er - and a + ad z a j y(a) = 0. 

With the change of variables y(a) = z(a\^\ 2 a), £ fixed, this equation transforms into l|2.3|l so that 

there exists c(£) such that P a (£,) = c(^)z(a|^| 2 a). 
Further 

c(0 = lim iQ a (£) = 1, 

which allows to conclude. □ 

Let us now state the main result of this section. 

Proposition 2.4. Let a > and k be the smallest integer bigger than na. Let F be a bounded 
A a -harmonic function on C" that satisfies the following boundary regularity condition: for every 
p = 0, . . . , k + 1 and every <p £ fi(C"), 



sup 

a<l 



< oo . 



Then F is constant. 



Proof. Let us write F = f *c™ Qa> with / a bounded function. Now, let ip € fi(C") be a function such 
that if has compact support with ^ supp^. We claim that it is sufficient to prove that, for all such 
<p, we have the identity J c „ F a (Qcp(Qd(, = 0. Indeed, as a consequence, the Fourier transform of / 
is supported in {0}. It follows that / is a polynomial. Since / is bounded, then / is constant and 
finally, F is constant. 

By definition of the Fourier transform of / as a distribution, we may write 



Fa(CMC)dC = (f,0Q°l 



whence, 



(2.5) I p (a) :=8ZJ F a (Q<p(QdC = dp(f,$Q°) =«"(/(■). Wl ' | 2 ^ (p) (l • | 2 «)), 
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where the function z is given in the previous lemma. From now on, we assume that na is not an 
integer. It is then easy to modify the following proof to cover the remaining case. According to 
Appendix IbI for p = k + 1, we have 

dV a z(a\Z\ 2 a) = 7 (|£| 2 a) + a na ~ fc |£| 2(nQ - fe) 7 (l£| 2 a), 

with 7, 7 smooth functions up to of order N , and 7(0) ^ 0. We choose N large enough, depending 
on the order of the distribution /. Then 

I(a)^ca na - k , with C = 7(0)(/(-),£(-)H 2na+2 ), 

unless the constant c vanishes. By assumption, it is a bounded function of a. So c = 0, that is, 

(/(■),£(■)! • l 2na+2 ) = 0. 

Since any function in 6(C") with compact support in C n \ {0} can be written as </?(-)| • | 2na + 2 ; we 
conclude that / vanishes outside 0, which we wanted to prove. 

□ 

Remark. We may identify functions on S that are independent on t with functions on the hyperbolic 
upper half-plane R 2 ' 1 x K+. This one is an unbounded realization of the real hyperbolic space of 
dimension 2n + 1, while a bounded realization is given by the real hyperbolic ball B2n+i °f dimension 
2n + 1. The above theorem is therefore an analogue of Theorem 8 in |Jal| (see also Proposition 2 in 
|Ja2| 1. stating that hyperbolic-harmonic functions on M 2n +i that are regular up to the boundary are 
constant. 

2.4. Representations of the Heisenberg group and the Poisson kernel for L a . 

We now pass to the general case. We will have to use harmonic analysis as before, the scheme of 
the proof being somewhat similar. Let us first recall some definitions which are linked to harmonic 
analysis on the Heisenberg group. 

For A 7^ 0, the unitary representation R x of H" on L 2 (R") is defined by 

i? A (C, t)$(s) = e 2mX{u - x+u - v/2+t/4) ^(x + v) 

if we set £ = u + iv. The Fourier transform of an integrable function / on H" is then the operator- 
valued function A /(A) given by 

(/(A)<^) = J n (R x (t,W,ip)f((,t)d(dt. 

Notation. Recall that the Hermite functions Hk of one variable are defined by the formula 

H k (x) = {-l) k e* 2 ' 2 (^ k e -* 2 , k = 0, 1,2, . . . . 

For Cfe = (y / 7r2 fc fc!) 1 ^ 2 , we note hk — CkHk. This family of functions forms an orthonormal basis of 
L 2 (R). For k — (fci, . . . , k n ) a multi-index, we write hk = hk ± ■ • ■ hk n - 

Now, for A ^ 0, denote by h%(x) = (27r|A|)"/ 4 /i fc ((27r|A|) 1 / 2 a;) . Finally, let 

I k I = k 

These last functions may be used to write explicitly an inverse Fourier Formula (see [T], or Appendix 
C). 
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Let P" be the Poisson kernel for L a , i.e. the function on H n that establishes a one-to-one corre- 
spondence between bounded functions / on H n and bounded L a -harmonic functions F on S by 

F(u,a) = [ /(w)P a Q (w- 1 c) dw = f* P"(uj), 

normalized by ||P"|Ili(h™) = 1- Further, for a function / on H" and u> <E H", write u f for the 
function given by w /(w) = /(ww). 

Lemma 2.5. Let X 0, n be an integer, a > and p = a(2n + n). Fix lu G H" and define 
g x K (u,a)= ]T (ZP?Wk>ti) = [ ^:(w)^(w)rfw. 

k: |fc|=K JH " 

XTien g x (uj,a) = e x (ui~ 1 )g(\\\a), where g is the unique bounded solution on R + of the equation 
(2.6) (V^-(^ + l)U)=0 



Proof of Lemma WR As P° 6 i 1 (H") with ||P"|lii(H») = 1 an< ^ as e K ^ s easily seen to be bounded, 



with g(0) = 1 

™„rmi A „ do r- rlfxm'N „ T ;+u II oan 

i(H») 

is bounded. Further 

£^ = (2 K + n)|A|e^. 
Since (w, a) — » P"(ww) is La-harmonic, we have 



t a (^)(w)^(w) dw = 0. 



'H" 

By Harnack's inequality, we may interchange the integral with the corresponding differential operators 
to obtain 

(2.7) 



(2.8) / £ u P a (w)e x K (w) dw = „P a (w)^(w) dw = (2k + n)\\\g*(u, a), 

(2.9) / T 2 LU P a (w)e x K (w) dw ^ [ ^P a {w)T 2 e x (w) dw = -A 2 5 *(w, a). 
JH" Jh« 

Combining l|2.7|l - i|2.9[l . we see that the function g(a) = g x (io, a) is a bounded solution of the equation 

' 2 «« a M A I 



(2.10) l^__a a _^+A^J«,(o) = 0. 

One immediately gets that, for ui, A hxed, G^.x defined by 

G UtX (a)=g x (co- 1 ,a/\X\) 

satisfies equation 1)2. 6|) . The fact that this equation has only one bounded solution, up to a constant, 
is well known (see Appendix lAl Lemma fA. 1)1 . So <7^(o; _1 ,a) = c x (uj)g(\X\a) for some function c x . 
Moreover, note that g x may be rewritten 

(2.11) gfa- 1 ,a) = ei*F f °(u), 

so that, using the fact that P" is an approximate identity, by letting a — > in 12.11|l . we get c x = 
el ' □ 
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Remark. Even if we will not use it, let us remark that this allows to write explicitly (see appendix 



JR r-M 



2.5. An orthogonality property for bounded boundary-regular functions. 

Notation. Given -0 G C£°(M \ {0}) we define 

<#(w)= / e*(w)V(A)dA. 

Of course is a Schwartz function on H™. We are now in position to prove the following: 

Proposition 2.6. Let f £ L°°(H n ) and let F be the corresponding bounded L a -harmonic function. 
Let k be the smallest integer bigger then na. Assume that for every if € fi(H n ) and every < p < fc+1, 



d% F(w, a)(p(w) dw 



H" 



< CO. 



(2.12) sup 

a<l 

Then, for every k ^ 0, every to G H" and every ip € C^°(R \ {0}), 

(2.13) / /(uw)e*(w) dw = 0. 



Proof of Proposition \2.b\ Property H2.12|l is unchanged if one replaces / by w / so that it is enough to 
consider the case w = [0,0]. 
Define 

/(a)- / F(w,a)et(w)dw= [ f * P.(w)e*(w) dw 

JH" JH" 

where / is the boundary value of P. With 12.11(1 and Lemma \l. 51 we get 



H» 



1(a) = / f(w) / * P (w)V(A) d\dw 
Jr 

/(w) / e x K (w)g(\X\a)^(X)dXdw. 



H" 



Using Lemma IC. II in Appendix C, we see that I is a smooth function for a > and get 
(2.14) d k+1 I(a)= f f(w) f e x K (w)\X\ k+1 d k+1 g(\X\a)^(X)dXdw. 



JH" JR 

From now on, we assume that an is not an integer. It is again easy to adapt the proof to the other 
case. Using Lemma lA.ll in Appendix A with N = 1, can write 

d k+1 g(\X\a) = \Xr- k a an - k 9l (\X\*) + <te(|A|o) 

with g\ and gi having continuous derivatives up to 0, and <7i(0) ^ 0. Using again Lemma IC. II we can 
pass to the limit when a tends to in the two integrals. We find that 



d k+l 1(a) ~ ca an ~ k with c = 9l (0) / f(w) / e^(w)|A| fe+ V(A) dXdw 

JH" JR 

unless c = 0. Now, Hypothesis (|2.12|) implies that d k+1 I(a) is bounded, so it is indeed the case and 



H" 



f(w) / e^(w)|A| fc+ V(A)dAdw = 0. 
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Now every function in Cj?°(K \ {0}) can be written in the form \A\ k+1 ip(\). This completes the proof 
of the proposition. □ 

2.6. The main theorem on the Heisenberg group. We are now in position to prove our main 
theorem in this context: 

Theorem 2.7. Let a > and k the smallest integer bigger than na. Let F be a bounded L a -harmonic 
function on S . Assume that for every ip G 6(H") and every < p < k + 1, 



lt2J2l sup 

a<l 

Then, F is pluriharmonic. 



d% F(w, a)ip(w) dw 



H" 



< OO. 



Proof. Let / G L°°(H Tl ) be the boundary value of F. We will use the following well-known fact: the 
pointwise limit of a uniformly bounded sequence of pluriharmonic functions is again pluriharmonic. 
It allows to replace / by its right convolution with a smooth approximate identity. Moreover, such a 
function satisfies also (|2.12() . So, from now on in this proof, we may assume that / is smooth, and 
that, moreover, its derivatives up to order 4 are bounded. 

To prove that F is pluriharmonic, it is sufficient to prove that g(w) = (C 2 + n 2 T 2 ) f (w) is constant. 
Indeed, by Harnack's Inequality, such a function tends to when w tends to oo, so g can only be 
equal to the constant 0. We then use Theorem 12. II to conclude. 

Let G be the L Q -harmonic extension of g. Then G satisfies also hypothesis (|2.12|l . and according 
to H2.15JI in Proposition 12. 61 for every k ^ 0, every uj € H™ and every ip £ Cq°(R \ {0}) we have 

(2.15) / g{w)et{w)dw = 0. 

Moreover, a direct integration by parts, using the fact that 

(C 2 + n 2 T 2 )el = 0, 

allows to conclude that 1)2. 15[) is also valid for k = 0. We deduce from l|C.37|l that the Fourier transform 
of g in the t- variable (in the distributional sense) is supported by 0. It follows that g is a polynomial 
in the t-variable and, as g is bounded, this implies that g is independent of the central variable t. 
According to Proposition ^. 41 it follows that G is constant, which we wanted to prove. □ 

2.7. Optimality of the result. We will now prove a converse of Theorem l2.7l showing that the index 
of regularity given there is optimal. We will actually prove that, in some weak sense, all L Q -harmonic 
functions have the regularity just below the limitation given by that theorem. 

Recall that a function F on S is said to have distributional boundary value if, for every tp € C£°(H"), 
the limit 

(2.16) lim / F(w,a)ip(w)dw 

exists. Note that, if F has a boundary distribution, so do CF and TF. 
We may now prove the following: 

Theorem 2.8. Let a > and let k be the smallest integer greater then na. Assume F is a La- 
harmonic function on S with a boundary distribution. Then, for every p < k, d?F has a boundary 
distribution. 

Proof. The proof is essentially the same as in |.Ta2] or jBBGj which deal with bounded realizations. 
So we only give a quick outline of it. 
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We prove the theorem by induction on p. For p = 0, this is our original assumption. Let us take 
the statement for granted at rank p — 1 and fix ijj € C£°(H n ). Define 



^p(a) = <9£ / F{w, o)V»(w) dw = / 3£F(w, a)^(w) dw. 

Since 

aS^F - na9 a .F = (aC + aT 2 )F, 
applying d^ 1 to both sides, we get 

(2.17) ad p a +1 F + (p - 1 - na)S£.F = &£- x (aC + aT 2 )F. 

We know that (a£ + aT 2 )F has a boundary distribution. It follows from the induction hypothesis that 
the second member of Ij2.17|l has a boundary distribution. Now, multiply Ij2.17|) by ip and integrate 
over H™, we get that 

g p (a) := adip p (a) + (p — 1 — na)ip p (a) 
has a limit as a — > 0. As p — 1 — na ^ 0, solving this differential equation, we get 

Ma) - Xa—^ + a— + 1 jT f(na ^ 1)+1 cft. 

As <7 P has a limit when a — > 0, it follows that ip p has a limit as a — > 0, provided na — p + 1 > 0. We 
have proved the theorem. □ 

3. The main theorem on irreducible symmetric Siegel domains of tube type 
We first write the Hua operator in an appropriate coordinate system. 

3.1. Preliminaries on irreducible symmetric cones. Let fi be an irreducible symmetric cone 
in an Euclidean space V, as in the introduction. We describe precisely the solvable group that acts 
simply transitively on f2 in terms of Jordan algebras. We refer to the book of Faraut and Koranyi 
jFKj for these prerequisites, or to BBDHPT where a rapid introduction has already been given, with 
the same notations. 

We assume that V, endowed with the scalar product (•, •) is an Euclidean Jordan algebra, that is, 
is also endowed with a product such that, for all elements x,y and z in V 

xy = yx, x{x 2 y) = x 2 (xy), (xy,z) = (y,xz). 

Moreover, we assume that V is a simple Jordan algebra with unit element e. We denote by L(x) the 
self-adjoint endomorphism of V given by the multiplication by x, i.e. 

(3.1) L(x)y = xy. 
The irreducible symmetric cone fl is then given by 

Q = int{x 2 : x eV}. 

Let G be the connected component of the group of all transformations in GL(V) which leave f2 
invariant, and let Q be its Lie algebra. Then Q is a subspace of the space of endomorphisms of V 
which contains all L(x) for all x € V, as well as all x □ y for x, y S V, where 

(3.2) xn y = L(xy) + [L(x),L(y)] 

(see |FK| for these properties). 

We fix a Jordan frame {ci, . . . , c r } in V, that is, a complete system of orthogonal primitive idem- 
potents: 

c 2 = a, ac-, ■= ifi^j, c\ + ... + c r = e 
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and none of the ci, c r is a sum of two nonzero idempotents. Let us recall that the length r is the 
rank of the cone and is independent of the choice of the Jordan frame. 

The Peirce decomposition of V related to the Jordan frame {ci, . . . , c r } ( FK , Theorem IV. 2.1) 
may be written as 

(3.3) V Vij. 

l<z<j<r 

It is given by the common diagonalization of the self-adjoint endomorphims L(cj) with respect to 
their only eigenvalues 0, A, 1. In particular Vjj — M.Cj is the eigenspace of L(cj) related to 1, and, for 
i < j, Vij is the intersection of the eigenspaces of L(a) and L(cj) related to \. All Vij, for i < j, have 
the same dimension d. 

For each i < j, we fix once for all an orthonormal basis of Vij, which we note {eg-}, with 1 < a < d. 
To simplify the notation, we write = Cj (a taking only the value 1). Then the system {eg}, for 
i < j and 1 < a < dimVy, is an orthonormal basis of V. 

Let us denote by A the Abelian subalgebra of Q consisting of elements H = L(a), where 

r 

" X! • l <<- 

j=l i 

We set Xj the linear form on A given by Xj (H) = aj . The Peirce decomposition gives also a simulta- 
neous diagonalization of all H € A, namely 

(3.4) Hx = L{a)x = Xl[H) + Aj(g) x x e V« . 

Let A = exp^4. Then A is an Abelian group, which is the Abelian part of the Iwasawa decomposition 
of G. We now describe the nilpotent part N . Its Lie algebra Af is the space of elements Ie5 such 
that, for all i < j, 

(3.5) XVijC V kU 

k>l ; (k,l)>{i,j) 

where the pairs are ordered lexicographically. Once Ao is defined, we define Bo as the direct sum 
Ao © A. The groups So and No are then obtained by taking the exponentials. It follows from the 
definition of A/o that the matrices of elements of fio and So, in the orthonormal basis {eg}, are 
upper-triangular. 

The solvable group So acts simply transitively on f2. This may be found in |FK| Chapter VI, as 
well as the precise description of Ao which will be needed later. One has 

Mi = Mi, 

i<j<r 

where 

Afij={zUa : z e Vij}. 
This decomposition corresponds to a diagonalization of the adjoint action of A since 

(3.6) [H,X] = HH)-HH) ^ x £ ^ % 

Finally, let V c — V + iV be the complexification of V . The action of G is extended to V c in the 
obvious way. 
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3.2. Preliminaries on irreducible symmetric Siegel domains of tube type. We keep notations 
of the previous section and let 

(3.7) V = {z£V c : Imz £ fi}. 
The elements x £ V and s £ So act on T> in the following way: 

x ■ z = z + x , s ■ z = sz. 

Both actions generate a solvable Lie group 

S = VS = VNqA = NA, 

which identifies with a group of holomorphic automorphisms acting simply transitively on T>. The Lie 
algebra fi of S admits the decomposition 

(3.8) fi = V © B = Va © Nn : J © A. 

\i<3 ) \i<j ) 

Moreover, by (|3.4|) and (|3.6|1 . one knows the adjoint action of elements H £ A: 

, ^ r , \i(H)+\j(H) 

(3.9) [H,X] = U ' - A > X for XeVy, 

X 1 (H)_X l (H) 
2 

Since S acts simply transitively on the domain T>, we may identify S and D. More precisely, we 
define 



[H,X] = 3K 1 ^±1Z X for XeMi. 



(3.10) 6» : 9 s i-> 6»(s) = s ■ e € V, 

where e is the point (0, ie) in fi. The Lie algebra 6 is then identified with the tangent space of T> 
at e using the differential d6 e . We identify e with the unit element of S. We transport both the 
Bergman metric g and the complex structure J from V to S, where they become left-invariant tensor 
fields on S. We still write J for the complex structure on S. Moreover, the complexified tangent 
space Tjp is identified with the complexification of 6, which we denote by fi c . The decomposition 
T c = T (i,o) T (o,i) ig transported into 

fi c = Q®V. 

Elements of fi c are identified with left invariant vector fields on S, and are called left invariant 
holomorphic vector fields when they belong to Q. The Kahlerian metric given by the Bergman metric 
can be seen as a Hermitian form (•, •) on Q, and orthonormality for left invariant holomorphic vector 
fields means orthonormality for the corresponding elements in Q. 

Now, we construct a suitable orthonormal basis of Q. Let {e" fe } be the orthonormal basis of V 
fixed in the previous subsection. For j < k and 1 < a < d, we define X<* k £ Vjk and £ J\fjk as 
the left-invariant vector fields on S corresponding to e" k and 2e" fc □ Cj , respectively. For each j we 
define Xj and Hj as the left-invariant vector fields on S corresponding to Cj £ Vjj and L(cj) £ A, 
respectively. 



Finally, let 



z j — x j ~ i-Hj i Zf k — X" k - iYjk, 



which means that 

(3.11) J(X j ) = H j , J{Xf k )=Y J a k . 

The left invariant vector fields Zj, for j — 1, • • • , r, and for j < k < r and a = 1, • 
constitute an orthonormal basis of Q. 
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Using Zj we can compute the so called strongly diagonal Hua operators i.e the operators defined 

by 

U 3 f = (Uf-Z J ,Z j ) , j = l,...,r. 
In terms of the basis Xj, Xf k , Yfi., Hj they are IBBDIH'TI: 

(3-i2) % = Ai + ^EE A « + iEE 

k<j a ;>j a 

where 

(3.13) Aj = X? + Hf- Hj Ag - (X«) 2 + (l£) a - Hi- 

Aj's and Ay's are 5-invariant operators, which at the point ie agree with d Zj dz j and dz a Xh a . ■ 

3.3. Further notations. In this subsection, we collect some information and some notations which 
will be used in the proof, in the next section. We assume that r > 2. We will define some sub-algebras 
and subgroups. Let 

A- =lin{i(ci),...,L(c r _i)}, A+ = \m{L{c r )}, 

#0= © Ma and AA+ = eV„.. 

i<i<r— 1 i=l 

Then Mq is an ideal of Ao, while Mq is a subalgebra. Clearly 

A = A" 8 A + 

and 

W =Af Q eW + . 

Next, we define A + , A~ , Nq, Nq as the exponentials of the corresponding Lie algebras. We have 

A = A~A+ and N a = N^N+ 

in the sense that the mappings 

A-xA+^ A N^xN+^ No 

(a ,a+) a+ (y ,y+) y+ 

are diffeomorphisms. 

3.4. Special coordinates. Let &D = V+idCl be the topological boundary of the domain T> = V+ifl. 
We fix a Jordan frame, choose coordinates in V according to the Peirce decomposition x = X) x ife e ife 
and we order them lexicographically i.e. (j, k) > (l,p) if either j > I or j — I and k > p. 

Let S = VNqA be the corresponding solvable Lie group. We consider its subgroup S' = VNqA~ 
that will be identified with R 2 " -1 . To determine appropriate coordinates in S' we look more carefully 
at the transformations that build Nq. Namely |FK| . any element of No can be written uniquely as 

r{y l )-...-T{y r - x ), 

where y 1 = Y*j<k<ry%e% and T (v J ) = exp(2j/- J Dc J ). 

Therefore, any element xr(y 1 ) ■ . . . ■ r(y r ~ 1 ) exp(^ j<r yjjL(cj)) of S' can be uniquely written as 
(x, yii,2/ , 2/22) V i • • • j2/ r— )■ Notice that the coordinates are ordered lexicographically exactly as in 
T> C V + iV. Now we define a diffeomorphism cj> of S' = R 2n_1 onto an open subset of dV as the limit 
point of the curve 1 1— > s' exp(—tH r ) ■ ie: 

<p(s') = lim s exp(— tH r ) ■ ie. 

t — >oo 
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In the above coordinates we have 

<l>(x,yn,y 1 ,y22,y 2 , ■ ■ ■ , y r -i, r -i, y r ~ l ) = 

( \ 

(3.14) x • ' X ( e% y% + I'll (V)) • i£ (e"« + P dj (»)) c,- + /',,- (y)c, , 

where and Pjj are polynomials depending only on the coordinates that proceed j/" fe or j/jj in the 
above order i.e. on yi p for (l,p) < (J, k) or (l,p) < which follows from triangularity of the action 

of the group N , given by (|3.5() . To obtain explicit formulas for the polynomials one has to use a more 
precise formula for r, as described in Chapter VI of |FK| . see also DHMP . 

Lemma 3.1. The mapping (ft is an one-to-one diffeormorphism o/R 2 ™ -1 onto an open subset of dT>. 

Proof. One gets that (ft is one-to-one from formula (|3.14l) and the observation that the action of N 
is triangular. To prove that (ft is a diffcomorphism it is enough to compute dip, the differential of (ft. 
Using again triangularity of the action of N, one can easily find a minor of rank 2n — 1, which is 
a triangular matrix with l's and e yjj 's on the diagonal. The Inverse Mapping Theorem implies the 
claim. □ 

Using (ft we define a coordinate system on a neighborhood of </>(R 2n_1 ) 

R 2 ™- 1 x13(!d,J)h (ft(w) + ibc r e V + iV, 

where w = [x, yn, y 1 , j/22j y 2 , ■ ■ ■ , Vr— i,r-ij y r l ) is identified with the corresponding element s' of the 
group S'. This means that for positive b 

(3.15) 4>{w) + ibc r = s exp(bL(c r )) ■ ie € T> 
and 

(3.16) (ft{w) + ibcr i V 

if b is negative. For every Jordan frame c\, . . . ,c r and the corresponding group S we may construct 
such a system. Moreover, applying an element g of the group G to it, we obtain a coordinate system 
on a neighborhood of g((ft(S')) satisfying (|3.15|l and l|3.16|l . We are going to exploit such systems to 
define regularity of a function near the boundary of T>. 

Definition. We say that a coordinate system $ : R 2 ™ -1 x M i— ► V + iV is a special coordinate system 
if it is of the form 

(3.17) *(«;, b) = g((ft(w)) + ibg(c r ) 
for a Jordan frame c±, ...c r and ajeG. 

Special coordinate systems are suitable to describe the boundary behavior of bounded pluriharmonic 
(holomorphic) functions, in terms of some integral conditions. More precisely, we consider functions 
satisfying the following regularity condition: 

Condition l3.18l A function F is said to satisfy Condition ^. 1 81 for some integer k if, for every special 
coordinate system $, and every ift G fi(R 2 ™ -1 ), 



(3.18) sup 

0<b<l 



< 00. 



d$F($(w,b))ift(w)dw 

-i 

for some integer number k, where dw is the Lebesgue measure. 

Proposition 3.2. Let F be a bounded pluriharmonic function on T>, then F satisfies Condition 1 3.1 til 
for every k. 
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Proof. The action of G preserves pluriharmonicity and F(<f>(w, b)) = (F o g)(<fi(w) + ibc r ) for some 
g € G. Notice also that if F satisfies Condition 13.181 for some k, then so does F g (z) = F(g ■ z). 
Therefore, we may assume that g = Id in (|3.17|) . Moreover, it is enough to prove (|3.18|) for even fc's. 
Now since 

= d Zr dz r F=(dl+dZ)F, 

we have 

dl k F{<j){w) + ibc r )tp(w)dw = [ {-d 2 x ) k F{<f>(w) + ibc r )ip(w)dw 



= (-lf / F{q>(w)+ibcr){d£ Yi>{w)dw 

and ({3~T%j> follows. □ 

3.5. Maximum regularity of Hua-harmonic functions. Now we are in position to formulate and 
to prove the main result of the paper 

Main Theorem 3.3. Let f2 be an irreducible symmetric cone if rank r and let d be the common 
dimension of the associated spaces in its Peirce decomposition Let T> be the tube type domain 

associated to Q If F is a bounded Hua-harmonic function on T> satisfying Condition \S.18\ for k 

" (r-l)d+l ~ 
2 



0. 



1, then F is pluriharmonic. 



Remark. Notice that F in the above theorem has certain boundary regularity at any point z G dT> 
for which Im z has rank r — 1 in the Jordan algebra. The set of such points will be denoted &D. The 
theorem says that this regularity implies pluriharmonicity. 

Fix a Jordan frame ci, . . . , c r , the corresponding group S and differential operators A^, A" fc , l|3.13(l . 
We will show that 

(31Q) A k F=0 for*=l,...,r 

K ' AJ k F = for 1 < j < k. .. ,r and a = 1,.. .,d 

and the conclusion will follow by BDH . 

Let 

N + = V + N+, N- = V~No. 

Then clearly, 

N = N~N + , S~=N~A~, S + = N + A + . 

Denote by dn~ ', dn + . da~ , da + the Haar measures on the groups N~, N + , A~ , A + respectively and 
ds~ = dn~da~ , ds + = dn + da + . 

Notice that N + is the Heisenberg group and S + is one parameter extension considered in Section 
12 Indeed, for the basis Xf r , Yf^, X r , H r of the Lie algebra of S + we have 

Pir'-^jr] — Xr-, \H r ,X^ = X r , 

f TT VOL 1 1 VOL r TT VO~\ ]^V a 

I r ' jri ~ 2 jri L r ' jr\ ~ 2 jn 

while all other brackets are (see (1.16) and (1.17) of |DHMP |). 
Given V € C™(S~), let 

G^{s+) = f F(s-s+)iP(s-)ds-. 
Js- 

The operator H r is well defined for a function on S + and 

(3.20) M r G^(s + )= [ {W r F)(s-s + )Tp(s-)ds-. 
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Therefore 

H r G V ; = 0. 

Notice that H r is the operator L\/2 from Section [21 

Lemma 3.4. Assume that F satisfies the conditions of Theorem \'3.!ft Then, for every <f> G R(N + ) and 
every k = 1, . 



(r-l)rf+l 
2 



(3.21) 

Proof. Define 
so that 



1. 



sup 

0<a+<l 



N + 



d* + G i ,(n+a+)(l)(n + )dn 



< oo. 



I(a+)= G. 4 ,{n+a+)(f>(n + )dn + 
Jn+ 



7(a+) 



N+ JS 



F(s n a )ip(s )4>(n )ds dn 
F(n~a~n + a + )ijj(s~)(f>(n + ) dn~ da~ dn + . 



iN+ Js- 

Now we change variables via the transformation 

n + i — ► (a~)~ 1 n + a~ 

Then 



□ 



I(a + ) = / F(n-n + a-a + )iP{s-)(j)((a-)- 1 n + a-)X\ a7^ dn+dn-da 
Js- Jn+ fj{ 

F($(w, a + ))i)(w)dw 

-i 

for some ip in the Schwartz class. So (|3.21|l follows from (|3.18|) . 
Lemma 3.5. Assume that F satisfies the conditions of Theorem Vd.tA then 
(3.22) A r F = and A" r _F = 

for j = 1, . . . , r — 1 and a = 1, . . . , d. 

Proof. Let ip £ &(S~). By Theorem 12 .71 the function is pluriharmonic and so A r G,/, — and for 
j = 1, . . . , r, a = 1, . . . , d, we have A" r G^ 



0. But 



A«G^( S +) 



A"F( s - s +)V(s-)ds-, A r G^(s+) 



A r F(s-s + )tp(s-)ds- 



□ 



(3.23) 



for any tfj, so the conclusion follows. 

End of the proof of Theorem \S.'A We have just proved 

d z ^dz<* r F(e) — for j < r — 1, and a = 1, . . . , d 
cCA>(e) -0. 

Taking any element k €Aut(V) permuting the chosen Jordan frame and repeating the above argument, 
but with the group Sk — kSk -1 instead of S, we may prove that F is annihilated by the S^-invariant 
operators /cA" r fc _1 . Therefore, 

d z c c\<* F(e) = for j < k < r, and a = 1, . . . , d 
d Zk ch k L F(e) = forfc<r 



(3.24) 
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Take any s £ S, then F s = F o s satisfies assumptions of Theorem 13. 31 hence 

% fc <% ( F ° s )( e ) = for 3 < k < r, and a = 1, . . . , d 
[ 1 8 Zk ck k {F o s )(e) =0 forfc<r 

which implies l|3.19|l and completes the proof of the main theorem. □ 

Appendix A. A lemma about confluent hypergeometric equations 

Notation. For a £ R and n G N, we denote by (a)o = 1, (a)i = a and (a)„ = a(a + 1) . . . (a + n — 1). 
Further, if a, c G R and c ^ Z~, then 

tt. / \ \ ( a )n a;™ 

n=0 [C>n 

defines an entire function (called the confluent hypergeometric function) that satisfies the following 
differential equation: 

xy" + (c — x)y' — ay = 0. 

Notice that, for x > 0, if a > c > 0, then iFi(a,c,x) > e x , whereas if a > > c, then 1 F 1 (a,c, x) > 
e 31 — where P is a polynomial. 

We are interested in bounded solutions on ]0, +oo) of a variant of this equation. 

Lemma A.l. Let 7 > and (3 > and let k be the smallest integer greater than 7, that is k = [7] + 1 
if 7 is not an integer and k = 7 otherwise. Then, the equation 

(A.26) xg" - 19 ' -{x + { 1 + fi)) g = 

has one bounded non zero solution y on (0, +00) and only one, up to a constant. For (3^0, its 
derivatives have finite limits at up to the order k. Moreover, for every positive integer N , there 
exists two functions, a\ and ai, which are smooth up to order N on [0, 00), such that ai(0) 7^ and 

Qk+i / \ \ai(x)\nx + a2(x) if 7 is an integer 

1 ai(x)x~ ( ^ k + a2{x) if 7 is not an integer 

For [3 = 0, the solution y is given by y(x) = e~ x and is an entire function. 

Proof. We leave the computations for the reader when f3 = since they are completely elementary. 

^From now on, we assume that (3 > 0. Let us look for solutions of l|A.26|) of the form g(x) = 
e~ x h(2x). Then h is a solution of the equation 

(A.27) xh" - (x + j)ti - ( f J h = 0. 



When 7 is not a non negative integer, the function 1F1 —7, -j is a solution of l|A.27|) . Moreover, 
it increases at infinity in such a way that the corresponding solution of (|A.26(I is unbounded. For 



7 a non negative integer, there is still an entire function which is a solution of the equation (|A.27 
and gives rise to an unbounded solution of (|A.26(I . Coefficients of its Taylor series vanish up to — c. 
The uniqueness, up to a constant, of bounded solutions of i|A.26D on ]0, 00) follows at once since the 
vector space of solutions, which is of dimension 2, can only have a proper subspace of dimension 1 of 
bounded solutions. 

Let us now show the existence of a bounded solution on ]0, +00) as well as the asymptotic behavior 
of the (A;+l)-th derivative. Using a Laplace transform for i|A.27(l . it is easy to propose another solution 
for fQ6)l . 

r°° ti- 1 

y{ x ) = e - x / e~ 2xt w dt. 

y ' Jo (i + tyr+$ 
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It is easily seen that y is a C°° function on (0, +00), of class C k on [0, +00), and bounded. It remains 
to find the explicit expression for the derivative of order k + 1 of y. Let us first assume that 7 is not 
an integer. We look for another solution of l|A.26|) which may be written as x~ l+1 e~ x h(2x). Then h is 
a solution of 

xh" - (x + 7 + 2)ti - (7 + ^4r~)h = 0. 
So y, as a solution of (|A.26|I . may be written 

y(x)=caP+ 1 e-*iF l f 7 + ^±1 7 + 2, 2x) +ae-* 1 F 1 (§,"7, 2s) . 

Moreover a ^ since y is bounded. This allows to conclude in this case, taking derivatives up to 
order k + 1. 

Let us now consider the case when 7 = k — 1 is an integer. We will use the explicit formula of y as 
an integral. Moreover, cutting the integral into two, from to 1 and from 1 to infinity, we see that 
the first integral is a C°° function. So it is sufficient to consider 



t 



e - 2xt — dt = / e~ 2xt t- k I 1 + - I dt. 



(l + t)*+* 

Moreover, taking the Taylor expansion of the term (1 + i) fc ~ 1+ 7 ( it is sufficient to consider terms up 
to order N, the remaining part giving rise to a C N+k function. Finally, after having taken derivatives, 
it is sufficient to prove that each term 

/>OC 

Ij(x) := / e- xt r^dt 



may be written as ajX^ In a; + a,j(x), with ao ^ and aj a C°° function. Integration by parts allows 
to reduce to the case when j ' = 0. But a direct computation gives 

roo j 1 00 , , e 1 



, . r°° t dt ^ (-1) f iii 

from which we conclude easily. 



□ 



Appendix B. A lemma about Legendre equations 
Notation. For c£K \ Z~ , define the entire function 

1 x k 



qFx{c,x) = ^2 



^ ^ k kl 

defines an entire function, called the Legendre function, that satisfies the following differential equation: 

xy"(x) + cy'(x) - y(x) = 0. 

For c a negative integer, there is still an entire function which is a solution of the Legendre equation. 
Coefficients of its Taylor series vanish up to — c. 

We are interested in bounded solutions of the Legendre equation for negative values of the param- 
eter. 

Lemma B.l. Let (3 > and let k be the smallest integer greater than (3. Then the equation 
(B.28) xg" - [3g' -g = 
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has a bounded non zero solution y on ]0, +00) whose derivatives have finite limits at up to the order 
k. For every positive integer N , there exists two functions, a\ and a2, which are smooth up to order 
N on [0,oo), such that a\(0) 7^ and 

-i.,-! . . I ai (x) In x + a,2 (x) if 8 is an inteqer 
d k+1 y(x)={ y 1 y . 

I ai{x)x' + a2[x) if p is not an integer 

Moreover, all non zero bounded solutions of \B. 2ffy behave as above. 

Proof. The uniqueness, up to a constant, of bounded solutions follow from the fact that the entire 
functions that are solutions increase faster than any polynomial at infinity. So the vector space 
of solutions, which is of dimension 2, can only have a proper subspace of dimension 1 of bounded 
solutions. Let us now show the existence of a bounded solution on (0, +00). 
This one is given by the Laplace method: 

It is clear that y is rapidly decreasing and has derivatives up to order k at 0. It remains to find the 
explicit formula for the k + 1-th derivative. When 3 is not an integer, we look for another solution of 
<|B.28|1 which may be written as x@ +1 h(x). Then ft, is a solution of the equation 

xh" + (8 + 2)ti -1 = 0. 



As a consequence, the function y, which is a solution of (|B.28I) . may be written as 

y(x) = ax^oFxifJ + 2,x)+ a^-p, x), 

with a ^ since oFi(—d, •) is not bounded. This allows to conclude in this case, taking derivatives 
up to order k + 1. 

For 3 = k, we use the explicit formula for the function y, that is, up to the constant (— 1) +1 , 



l e - X t e -X/t / -+oc e -xt (e -l/ t _ E A ' { _ 1/t)j/j]) N +oa ^ 

dt + / °— dt + > c, / — — dt, 



e -xt 



j=a J 1 

with Cj = (— iy Now, the two first integrals are smooth up to order N. It remains to consider 
each term of the last sum, for which we conclude as in the previous section. □ 

Appendix C. Some complements on Harmonic Analysis on the Heisenberg group 

C.l. A lemma about Laguerre functions. We come back to the notations of Section l2~H Further 
lemmas we may need can be found e.g. in [T] . 

Recall that we defined a unitary representation R x of H™ on L 2 (M. n ) by 

R x (C,t)^(x) = e 2«A(u.*+u.v/2+t/4) $ ( a , + u ) 

The Hermite functions of one variable are defined by the formula 

k 



h k (x) = (-l) fe c fe e* 2 / 2 



e~ x , k = 0,1,2, 



with Cfc = (y^k/c!) 1 / 2 . For k — (fci, . . . , k n ) a multi-index, we write hk = h kl 
Now, for A ^ 0, denote by ^(a;) = (2tt| A|)"/ 4 /i fc ((2 7 r|A|) 1 / 2 a;) . Finally, let 

|fc|=K 
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and, for ip G C c °°(IR\{0}), 

(C.29) e*(C,t)= / e x k ((,W(\)d\. 

JR. 

Then, ef € 6(C" x E). 

Lemma C.l. Let e > 0. There exists constants C,M > such that, for every ip S C^°(R) iot£/i 
supp?/> C [ejE -1 ], and every k S N, 

(C.30) ||e*|| L1 <Ck m (|H| l ~ + ||^|| l ~) 

Before proving this lemma we need more information about the function = (R x h k , h k \. Let L k 
be the /c-th Laguerre polynomial, i.e. 



Lk{t)e~ 



Given a multi- index k = (k\, k n ) and £ € C™ let 
(C31) L fc (C) = L kl Q|Ci| 2 ) x ... x L kn Q|C„| 2 

Then 

(C.32) $ fc (C) = (27r)-"/ 2 L fe (C) e ^ lc|2 , 

(see Formula (1.4.20) [T]). 

We will use the following well-known property of the Laguerre functions (see [BDH ). 

Lemma C.2. For every l,p € N there exist c — c(l,p) and M = M(l,p) such that, for every k € N, 



(C.33) 



/•OO 

/ t l \d p t L k {t)\ 2 e- l dt < ck M . 
Jo 



Proof of lemma TcTl\ To estimate the L 1 (H n ) norm of ef, we first use Schwartz' inequality to see that 
it is sufficient to have a bound for 



h := I (l+i 2 )(l + |Cl| 4 ) X (1 + |C2| 4 ) X ...X (1 + |C„| 4 ) X \cb k (C,t)\ 2 dtdC, 

where 



H" 



fc (C,t) := / e lXt ^(X)^ k (VX0dX. 

JR 

We use Parseval Identity in the t variable to write that 

h = f /(I + ICil 4 ) x • • • x (1 + |C„| 4 ) x (\rp{\)<$> k {V\Q\ 2 + \d x WX)M^C)}\ 2 ) d\d(. 

We find that I k < CJ(k){\\^\\ L ^ + ||^'|| L oo) 2 , with 

J(k) := f f(l+ Kil 4 ) x ... x (1 + |C„| 4 ) x (|$ tt , Q (VAC)| 2 + \d x {^ a , a (VXC)}\ 2 ) dXdC 

Now we use Relation (|C.32|I . and integrate first in £, using Lemma rC.2l We then find that J(k) < cn M 
where k = |fc|. We have thus proved (|C.30(I . □ 
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C.2. The Fourier Inversion Formula. In this section, we adapt the Fourier Inversion Formula to 
our choice of representation of the Heisenberg group. We only give an outline of the proofs, details 
with a similar choice of representation may be found in |Fo| . pages 35-37. 

The Fourier transform of an integrablc function / on H" is the operator- valued function A i— ► /(A) 
given by 



f(X)<f>,iP)= (R x (w)cj ) ^)f(w)dwdt. 



H" 



To avoid any technicality, let us first assume that / is bounded and compactly supported. One may 
then show that 

(C.34) tr (i? A (C,<)/(A)) = |Ap.F 3 /(C, A/Tje 2 "^ 4 

where T$ is the partial Fourier transform in the t-variable. The ordinary Fourier Inversion Formula 
(in the ^variable) then leads to the Heisenberg Fourier Inversion Formula 

(C.35) f(C,t) = c[ tr(R x ((,t)f(X))\X\ n dX. 

Jr 

Now, let ip 6 fi(M) be such that (p is compactly supported away from and apply (|C.35() to / * 3 ip, 
the convolution in the i-variable of / and ip, to get 

/*3¥>M=c f tr(R x (uj)f7^p(X))\X\ n dX, 
Jr 

and, using twice (|C.34|I . this becomes 

(C.36) / * 3 <p(u) = c [ tr (R x (Lo)f(X))ip(X/4)\X\ n dX. 

JR. 

Next, rewriting the trace using the Hermite basis leads to 

tr(R x (Lu)f(X))=J2 E (R»fWh X k,h x 

kSN k:\k\=K 



= E E / (R X (u;)R x ( V , S )h x ,h x )f(w)dw 

K(ENfc:|fc| = K H " 

E/ e>w)/(w)dw = W e^(w)/(a;- 1 w) < i 



Further, inserting this in (|C.36(I . inverting summations and integrations, justified by Lemma IC . II and 
Fubini's theorem, we get 

(C.37) / * 3 <p(u>) = E / /(w _1 w)e£(w)dw, 



where ip(X) — p(X/4)\X\ n . Finally, note that Identity l|C.37Jl is also valid for / G L°° since we may 
apply it to a 
Lemma IC.ll 



apply it to a truncation Jr(oj) = < ^ ' II anc j faen ^ R —> oo ; again with the help of 

else 
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Appendix D. Second regularity condition 

In this section we show another regularity condition that leads to the pluriharmonicity of F. Since 
it is difficult to compare with the previous one, we include it here. Compared to the previous one, the 
conditions are given using only one solvable group S and one special coordinate system. 

We fix a Jordan frame Cx, c r and the group S. Let 

K = Va © Mi, A/-+ = Vij © M,, 

*^J^& i<j<fc fe<i<j k<i<j 

Al = lin{i(ci), .., L(cfc)}, .4+ = hn{L(c fc+ i), L(c r )}. 
Then A/^ is an ideal. Clearly 



M = M fe "©M+, .A = ^"©.4+ 



Let 







K 


= expA/^ 


^ = 


exp^, 


At 


= exp^, 


Sfc = 


= ^*> 


si 


= A^- 


N 




S 


= ^fc $k 



Then 



in the sense that 

S t 7x5+3 (s-,s+) ^ s - s + e S, 

N k x N k 3 (n~,n + ) i * € iV 

are diffeomorphisms. 
Let 

v k -= f«. 

VC is the Jordan algebra with the Jordan frame c\, ...,c r and is the solvable group acting simply 
transitively on V/7 + iSlI, where 0^7 =int{x 2 : x S VjT}. For every fc = 1, ...r — 1 we define a 
subdomain 

V k = V n {2y = 0, Zjj =i, I < j, j > k}. 

Clearly 

T^k = • ie 

and 

9Pfe = dV n {z;j = 0, Zjj = i, I < j, j > k}. 
T>k is a symmetric tube domain corresponding to the cone £7^7 . 

Definition. Given a tube domain T> with a fixed Jordan frame ci, c r , the group S and its subgroup 
S' , we say that a bounded function is weak regular if it satisfies (|3.18|) with 

$(w, b) = 4>(w) + ibc r 



and k = 1, . 



(r-l)rf+l 
2 



1. 
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It follows from a theorem by Lassalle .£] that ^(ffi. 2n_1 ) is dense in dT> although smaller than &D. 
Therefore, weak regularity means certain boundary regularity at any point from a dense subset of &D. 
We are going to assume that the function is weak regular on the domain T> and subdomains T>k ■ More 
precisely, given F we write a number of functions on the domains T>k'- 



K^{z)= / F{s+ ■ z)iP(s + )ds+ , 

ip € C(?(S£), z £ T>k- will be identified with its version on the group Si 

K^(s~)= I F{s + s~ ■ie)^{s + )ds + . 



-si 

Definition. We say that F is regular if F is weak regular and for every k = 1, ...r — 1 and ip € C£? (S k ) , 
Kip is weak regular on T>k with respect to the Jordan frame ci, ...Cfc. 

Theorem D.l. Assume that F is a real, bounded, Hua-harmonic and regular. Then F is plurihar- 
monic. 

Proof. We are going to prove by induction l|3.19[) . which again, in view of [BDHJ, implies plurihar- 
monicity of F. First we notice that weak regularity of F is sufficient to conclude that 

A r F = and A" r F = 

(see the proof of Lemma JjTSJl). Hence for j = r the conclusion holds. 

Assume now that Af^F = 0, AjjF = for j > k and i < j. We consider the operators 



W k — A ■ ■ 



i<j j<i<fe 



have perfect meaning on S k and moreover, we have 
(D.38) (M*F)(s+s-) = (H*F, + )(0> 



where F s +(s ) = F(s + s ) is a function on S k . In (|D.38(I Mj on the left-hand side is considered on 
S, while on the right hand side on S k . Finally, Mj are the strongly diagonal Hua operators on S k . 
By induction the left-hand side of (|D.38|) vanishes so 

H^(a-) = 0. 

Now weak regularity of implies that 

A^K 4 , = 0, A kk K 4 , = 0. 

But 

AtMs~) = I (A° k F)( s + s -)^( s + )ds + 
Js+ 

k 

and so Af k F = 0. □ 
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